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ABSTRACT

The accuracy and efficiency of the Multiquadric Radial Basis Function
(MQ-RBF) method are highly sensitive to the choice of the shape
parameter. This study aims to identify optimal relationships for determining
the shape parameter in solving common partial differential equations
(PDEs) encountered in water engineering. To this end, the procedure for
reconstructing and solving PDEs using the MQ-RBF method is first
outlined. Then, optimal values for the shape parameter are derived based
on domain length and the number of computational centers. Based on these
findings, empirical formulas for the optimal shape parameter are proposed,
which significantly reduce computational cost. The performance of the
proposed formulas is compared with exact solutions and existing empirical
relations. Results show that, unlike previous approaches, the new formulas
offer high accuracy, with negligible errors across different examples-
sometimes approaching zero. Moreover, compared to optimization-based
techniques, the proposed method dramatically improves computational
speed by eliminating the need for iterative algorithms. The study also
investigates stability conditions, showing that for diffusion, advection-
diffusion, and Burgers’ equations, the maximum allowable time step
depends on the diffusion coefficient, flow velocity, and Reynolds number.
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Introduction

The Multiquadric (MQ) method is
recognized as one of the mesh-free numerical
techniques based on Radial Basis Functions
(RBFs). Kansa was the first to employ this
method for solving equations in computational
fluid dynamics, demonstrating that its accuracy
is highly sensitive to the choice of the shape
parameter. Subsequently, Mirabi et al. assessed
the MQ-RBF approach for solving the Navier—
Stokes equations and standard turbulence
models in a two-dimensional setting. Babaee et
al. extended the application of the MQ-RBF
method to the dynamic interaction of gravity
dams in the frequency domain. Ongoing
advancements in the development of the MQ
method have further facilitated its use in two-
and three-dimensional  boundary  value
problems.

The accuracy and efficiency of MQ-RBFs
depend critically on the strategy adopted for
selecting the optimal shape parameter.
Although numerous approaches have been
proposed, no strong theoretical consensus has
yet been established. For example, Babaee et al.
formulated expressions for the optimal shape
parameter in solving the Helmholtz equation.
Fallan et al. introduced an optimization
algorithm based on iterative halving of the
parameter range for two- and three-dimensional
seepage problems. Kahid Basiri et al.
developed a mesh-free MQ method for
addressing the dam-break problem and showed
that the computed shape parameter remained
optimal for subsequent time steps. Moreover,
Babaee et al. demonstrated that, in the seismic
analysis of dam-reservoir—foundation systems,
the optimal shape parameter is independent of
subdomain count, stiffness ratio, and fluid
compressibility. More recently, adaptive
approaches have been introduced to determine
the shape parameter, aiming to further enhance
the accuracy of the MQ method in solving
complex partial differential equations (PDES).

In the present study, the MQ-RBF method
is employed to solve the Laplace, diffusion,
advection—diffusion, and Burgers’ equations.
To this end, the governing equations are
reformulated using the MQ function, and the

corresponding solution procedure is presented.
Through these examples, it is first shown that
commonly used formulas fail to provide
consistent accuracy.  Accordingly, new
relationships are proposed for determining the
optimal shape parameter, ensuring high
accuracy across all subsequent time steps. The
validity of the proposed approach is
demonstrated through several numerical
examples, whose results are compared with the
exact analytical solutions.

Governing Equations
Laplace Equation

The one-dimensional Laplace equation is
expressed as:
o°h
8X 2
Here, x is the spatial variable and h is the
unknown function, which, for example in
seepage phenomena, represents the hydraulic
head (water pressure) of flow.
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Diffusion-Advection Equation

The unsteady one-dimensional governing
equation for pollutant advection-diffusion is:
2
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In this equation, ¢ is the pollutant
concentration, t istime, V is flow velocity, and
D is the diffusion coefficient.

Burgers’ Equation

The Burgers equation is considered the
simplest nonlinear mathematical model for
combining advection and diffusion
mechanisms in wave mechanics. It is given as:

ou au 1

a U R @)
Where u is the velocity and R is the Reynolds
number of the flow. It is noteworthy that the
Reynolds number is always positive.

Stability Condition Analysis

A Kkey question in solving unsteady
problems using any numerical method—
including the MQ method—is whether a
stability condition exists for the solution
process. To address this, the maximum
allowable time step that does not cause



instability in the solutions was determined
empirically, and its variations with respect to
constant coefficients in the equations were
plotted. The investigations showed that in the
diffusion equation, the maximum time step is
directly related to the diffusion coefficient. In
the advection-diffusion equation, the maximum
time step has a direct and inverse relationship
with the diffusion coefficient and velocity,
respectively. Also, in the numerical solution of
the Burgers equation, the Reynolds number has
a direct relationship with the maximum
allowable time step.

The results indicated that there is a certain
time step value beyond which instability
appears in the solutions, suggesting the
presence of a stability condition—similar to
grid-based methods—which requires further
investigation to be fully defined.
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Fig. 1: Reynolds number variations in Burgers’ equa-
tion in respect to maximum time step for t =10,

N =10,and L=2.
Conclusion

In this study, new relationships were
proposed for calculating the optimal shape
parameter as a function of the domain length
and number of computational centers. The
results showed that these relationships are
optimal and highly accurate for all time steps.
This method can also be implemented for
equations with higher dimensions or more
independent variables, as well as for different
or inhomogeneous boundary conditions.

It is also noted that the derived
relationships are valid for uniformly distributed
points, and different relationships would be
required if the point distribution or spacing
changes.

Additionally, this study demonstrated that
the choice of time step size is dependent on the
Reynolds number, diffusion coefficient, and
velocity. To achieve accurate results, the time
step should be increased with rising Reynolds
number and diffusion coefficient, and
decreased with increasing velocity. These
findings highlight that the MQ method
algorithm for solving linear and nonlinear
equations in engineering sciences requires a
stability condition, which could be the focus of
future research.
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