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New Models for Determining Concrete Elastic 
Modulus Considering Variation in Values of 
Compressive Strength 
 
Modulus of elasticity has played an essential role in the analysis 
and design of reinforced concrete structures and is a fundamental 
property required to calculate the lateral deformation of 
structures. This study proposes new models for predicting the 
elastic modulus of normal - and high-strength concrete using a 
hybrid polynomial neural network-invasive weed optimization 
algorithm (PNN-IWO). This paper attempts to estimate the elastic 
modulus concrete in terms of compressive strength in compliance 
with conventional building codes. To examine the validity of the 
proposed models, a comprehensive evaluation has been performed 
between the elastic modulus results predicted by PNN-IWO, 
experimental data, and those determined using buildings codes 
and various models. The assessment is performed in terms of 
coefficient of determination, root mean square error, and mean 
absolute error. It should be noted that the mean absolute error of 
the proposed model for normal- and high-strength concrete were 
calculated as 9.02%, 3.8%, respectively. The results demonstrate 
that the proposed models have a very strong potential to predict 
the elastic modulus of both normal- and high-strength concrete 
within the range of the considered compressive strength. 
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1,7*� =2 =_��* j:�* 1� ��A 1�/�\ �* +�D� .��7\-� 

�- ���7� ��� +,��D� 1� +,��* c>* ����� 1� 6�A 

��{* N�Df �* -�W� .6 ���7� +,��D� ���� 6 

-����A <7]* )+,��* ����,� 6 �D38� j:�* � � 

1P?g �+,� N��rg� (�- �Dg 1���� ���7\-� q�g �c� 

�* -D� .���7� +,��D� �� �- ��7�
� <���- N�?7A�  

�,7]* �� �-�- ��� �-��� � �Y��
 �* +��D  �- 	!Y 

x��:��� N�9:�* � h���� <7� �-�- �� V�D*B +,7?� .

p� �� �g 1���� �V�D*B 1Z��,` �-�- ��� �-��� 

                                                 
9 Polynomial Neural Network 

�++Y 1� ���7� +,��D� V�D*B �-�- �-D� �-�K 

+��D
 -D� �Y��
 ��� -�D* �o� �� �� 	K- �;�� 1_��� 

+�- .���7� ��� +,��D� 1� ��c7* �-�� �F
�7E �-D� 

� �* +,��D  �I� �+7Z7� =��P�* ����7>�* �-��� � 

�
�Y� �- 6 ���7� �� ��+� <���- ���- 178�� �- 

J�? �� �� 	]7?g <7,` � ��I� 1� 	�- +,�- .<� 

���7� ��� 6 V�� �M�� ���� =2 k��D  �� �-�P* 

��P7P2 1���\ � ���-�� �� �-�C��� �� ��{* �� 1_��� 

�* +,�- � <����,� �- ���7�� �� ���-����A ��+,!* 

-�D* �-�C��� ���K �/�\1 +�� ]32  �33[.  

10?� �?9� +,` 1M�Y �� �0 �� V�� ��� +*���A 

���� =_��* =2 �+* ���� � �D7��\� 	�� � e��� ��A 

�B ���0  6 ��� ��cY� ��7�� �-�� �	�� ���
��  �MA

�B 1; �� 	�� �*� ���
�� 1; �� 1A ��cY� �+���� 

1; ��� �B ��7�� �-�� �-D� � �� -�0�� ��7�� �-��  ��

�2��g �+� �B =78- 1� -�0�� <� .	�� 1A �- -�+]  

-�� ���� d7A�  �* +�D� � 1; �� N�Df 1� �8�D�* ���K 

�* �* +��7\ +,��D  ���+�� 1� �/�A �\+7Z7� -�X� .+,,A  

3 -1-  (1�� (��'�PNN  
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1F��� j:�*��  +,��* �]��  ����f  <7� 1A

 ��-�� +,��* �-��� �����*����X=(x1, x2, x3,…, xm)  �

 �Y��
 �-�P*y 	�� ���K�� �* ��  �� N�Df 1� ��D 

:-D�� ��7�  

)2(  
� = �!" �, " �, " �, … , " %&             (= 1,2,3, … , ) 

 ^7K- 1F���f �* ��  k��  h�D  ��D �̅  �D@� 1�

�-�- =A ���� 1� �F
 N�]��* [D�X* 1A -� <7�:   ���

�\ 1,7�A -DYD*:--  

)3(  
�+ = �̅!" �, " �, " �, … , " %&             (= 1,2,3, … , ) 

)4(  � = , !� − �+ &�- .� ) → min 
 �uD/ h���� �-�̅ �* +��D  1� N�Df �]��  �F
 � � 

�F
�7E �� ����7>�* �-��� +��� .����3� 1.A  <7.�

 � �-��� ����7>�*h�D  �Y��
 PNN �* ���K��  �-D�

�.� 1.F��� N�D.f 1.� �.F
 �.7E k��  6  ���)

Volterra( �* .+���  

)5(  

�+
= 3� + 4 3 " + 4 4 3 5" "5

%
5.�

%
 .�

%
 .�

+ 4 4 4 3 56" "5"6
%

6.�
%

5.�
%

 .�
 

 -�0��PNN ��  ��� 1cX  e���Volterra  1�

1M�Y+,` �� 1�� ��7>�* �- a�- 1Y�- ���  1A �+� ���W\

1�  18-�]* N�Df6 �* ��7� =��K .+���  

)6(  

7�" , "5� = 7 5 = 3� + 3�" + 3�"5+ 3�" "5 + 38" �+ 39"5� 

�*��  ��� 1; �-  k��  -�X� ���� <0�* N;�2

7�" , "5�  �� ����� 1A:;2 < = %!%=�&�  1�
�� 	��

�* .-D� k��  7�" , "5�  �D!X* d�l �� ����-

�* �B ����� �W8 �+���  1� 1A �7,A �7o,  ��Dg �� ��

1�D�� a��  ���� ��7>�* �- ����Y��
 � ���.K�� wD.MF* 

--�.\ .� <����,�� k��D  �� 67�" , "5�  1�D�� =A ����

k�Y �-�- O-� ��) �� �* 1��D� (�+� ���B  �\� .-D�

 =*�� �� 1�D�� =A 1A -D� |�/N  =P��* ��*�B

:���- <����,� �	��  

)7(  >3 = ? 

�- 1A :uD/ 18-�]*  

)8(  
a = A3�,3�,3�,3�,38,39B 

? = A��,��,��, … ,�-BC 

 ��2�� 1� k��  =0� � �-��� �����-�� �-�P* ��

:1A 	�� �+���* =��K  

)9(  

>
=

⎣⎢
⎢⎢
⎡1 "�G "�H "�G"�H "�G� "�H�
1 "�G "�H "�G"�H "�G� "�H�
⋮ ⋮ ⋮         ⋮       ⋮          ⋮1 "JG "JH "JG"JH "JG� "JH� ⎦⎥

⎥⎥
⎤
 

 d��l <77]  ����a = A3�,3�,3�,3�,38,39B 

�* �+��K �� ��D  <���A N�]��* .-D�� �-�C��� �F
  

)10(  � = , !� − 7 &�- .� ) → min 

A V�� 1��\+,` �D7��\� c78��B �� N�]��* <���

�* 1X7�� �� =0� 1� �� N;-�]* =2 :+�-  

)11(  3 = !>C>&=�>C? 

 p� �* 1Z��,`>C> �����  V�� �� +��?� �W�

�+��K +,* ����  �-�C��� uD/ 18-�]* =2 	!Y tD�D:7 

�* .-D�  

7>�* �- k��  �� ���� d��l <77]  �� p� <� ���

1� k��D  �* -�X� =*�A N�Df �B -�+]  � +�D�  �� ����� ��

%!%=�&� �* �* 1M2�* <� �- .+���  �+]� 1; 1� ��D 

 e��� �� ����� +]� 1; 1� �+� -��� �� =?K .-D� -���

 �- � w�:��� �+� -�X� k��D  �� �-�+]  j:�* ���7]*

 <� �- .+�D� d7A�  -+X* +]� 1; 1_��� ��7]* �� 1]8�F*

 1F��� �- �+�12 .	�� �+� �-�C��� w�:��� ����  
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)12(  N� = ON% P + !1 − O&N%QR 

 �uD/ 1F��� �-N% P  �N%QR  � 1,7�A �� ����� d7 �  1�

�* �+� -�X� ��7>�* �- h���� =A �F
 1,7�7�  .+,���

 ��*���� <7,Z��O f ���� �-�* �7>�* 6 �  �C .+���  

1�  10?� ���
�� ��+� ����� +��� �� 1�D�� 6 ��D,�

 =0� �- �-��� ��*���� ��!` �� �?9�2  �+� �-�- ����

 �� p� 1; �� �- 	�� j:�* 1A �DF���� .	��

 ��+P* ���7>�* �- k��D  =70� N�  �]��D  � �+� 1?��@*

 �� ����7� ��F
 ����- 1AN� �� 1� � �+� tW2 +,�

��� -��� +]� 1M2�* .+�D�  

 
=0� 2 -  -�0�� ���
��PNN .�-��� ��*���� ��!` ��  

�- �2��g  -�0��PNNt+� � ��7\DMY ��  +��

���\�� 10?� � c7� h? �* �-�A =0� � ���
�� 10?� 1� 

6 � +,` ��*���� �-+� ��-D� 1� 1�D\ �� 1A �� �77>  <� 

��*���� ��
��� 10?� c7� �77>  +,A .V�� ��� �M*�0  

+,��* ���D38� 1,7!� ���� OM� ��� �Y�!* 1� =78- 

	7M��K ��� �9@,* 1� -�/ -D
 �- �+7� �-�A �-�P* 

1,7!� � ��0*� DX��Y �- ����}/ =��K�7E �7�  �,7�

�* -����A +��D  �]7�� �- =2��* OM�:* �2��g 

10?� ��� 1M�Y +,` �?9� �� � 1���-.+��  

4- 34��56� �+	78 �9�
 :�* 9;  3"�7� 

)IWO10(  

                                                 
10 Invasive Weed Optimization 

���D38� IWO �0 �� ���D38� ��� 1,7!� ���� 

	�� 1A ��,* a�!8� �B 	]7?g �-D� � �� �D@� �7{0  � 

+�� ��P� OM� ��� ���  ��� �-2006 a�!8� 1�/�\ �+� 

 	��]34[ .OM�  aDX� +�� 1A +,��� �����7\ ��� ���

�B �+���B  wD�@* ����� ����7\ ���� ��!* ++!  ��

�* -D� .OM� ^��F  � ��+�� ��7�� ��� ���  =��P* �- �W�

�* h7@* N��77>   N�7fD9
 <�/�\ �� <����,� .+,���

�B �* �� 1,7!� ���D38� 6 1� ��D   <� .+7�� �DK ����

r  ���D38��* V ^��F  N�+K �� 1A +,A  � ��W�

OM� 	7]�Y �-D� �/-�9   +7MP  �-�� �Dg 1� ��� ���

+,A. <� �- ���D38� <7� ��\-�� �- <�/� J�P� 1,7!� 

��7�� �I�* � k�� �* +��� � ��e��� �\�� ��� 178�� � 

OM� �]7?g ��� ��� +,��* +78D  ��W� +�� � [��,  ���� 

�P� �- 6 ��DMA =�� �* +,A. ���� ���D38� <� =2 
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[�D�� =_��* 1,7!� ���� �- ��D2 ��� OM�:* aDM� � 

��+,!* -�D* �-�C��� ���K �* -�7\.  

<� ���D38� 6 -�+]  ���,�* �� OM� ��� ��� 

� �-D� �� �B �� a�+A �� OM� ��� ��� �++Y �� 1��� 1� 

���\��� � h��� -D
 +78D  �* +,A .OM� �� ���� +78D  

�+� �- ��}/ DX��Y 1� N�Df �/-�9  �� k�D  ��*�� 

�7�P  �+,� �* +�D� .<� +��� �+7�� �  1� �{A�+2 -�+]  

OM� ��� ��� 1*�-� �+7� �* +,A .hP/ OM� ��� ��� �� 

���\��� ��!� �* �+�� +,��D  +,���� � +78D  1��- +,,A � 

17P� tW2 �* +�D�. ���� 17?� ���� ���/� MA��D ��� 

OM� ��� =2��* �MA �� �- �o� 1�/�\ �* :-D�  

1- 6 	7]�Y =0��* �� �-�+]  �W� )��� =2 ��� 

178�� (�� -�+]  ��}�� ����� �� )�  ��}/ �-n -

�+]� 1� N�Df �/-�9  �:� �* +�D� -�X�) 

	7]�Y (178��. 

2- �� 1��- �  =\ �-�- ��7\ +�� �* +,A � ��e��� 

��c7* �3���� -D
 [��� 1� +78D  1��- �*  +,A

)-�� � +8�.( -�+]  ����W� 1A �� ��7\ +78D  

�* +,A 1� N�Df �F
 <7� �-�P*  =K�+2

)�% P(  �{A�+2 �)�%QR( <0�* ����W� 

�+78D  ��c/� �* +��. -�+]  <� ����W� 

�+78D  ����  ��7\i -�- a� ���0  �� 1����� 1� 

��+P* t+� -D
 7\) ��S � ( c7� ) <��!�ST � (

) <� +�SU��+P* ( t+� �- �B 	�� ���0 . 

-�+]  �W� �+78D  �� ��7\ �� �*  1F��� �� ��D 13 

 =0� �- �+� ����� +��� .-D�� 1?��@*3  ����

.	�� �+� �-�- 

)13(  ) = S − SUST − SU !�%QR − �% P& + �% P 

3- 1��- ��� -�X� �+� 1� N�Df �/-�9  ��� ��}/ 

DX��Y �� k�D  ��*�� �� � <73��7* �Cf � 

p����� �:� OM�:* �+� � [��� 1� +�� 

�*  +,,A)�\+,A��� �F7@*(. 

  
 =0�3 - +��� +78D  �W� �- 6 ��DMA OM�  ���]34[  

<� <+� 	��,]* 1A 1��- �� 1� N�Df �/-�9   �

�:� �D@� 1� �* D�1A +� 6-c� ���,+8�� 

+,��� . -��+����� t��@��V k��  �/-�9  	�� 1A 

�� ��+P* 178�� V P W QX  ��!� ��+P* 1�VY PQX 

�* ���A 1F��� .+�� <7� �����*���� �+� ����� 

� t��@�� ��7]* �� �*  �� 1F��� 6�A 1� ��D 

.-D�� 1?��@* 

)14(  
V WZ[ = \1 − (]N^(]N %̂QR_P �V P W QX

− VY PQX� + VY PQX 

3- <� =�� �  �D92 �{A�+2 -�+]  ����7\ 1*�-� 

�* +�� .��2 hP/ ����7\ �� 	7�DMF* ;�� 

�* �+�� +,��D  +,���� � 1��- +����� � 17P� �� <7� 

�* +��� )tW2 ����K� .(���*� 1A �W�	7]KD* �� 

-D
 �� +,�/� �- ��,A ���,+8�� �� �� � 

1� N�Df 6 ��DMA ���K �* p�� .+��7\ �}�� �� 

�\+����� � +� tW2 �* +�D� �  -�+]  �}�� 1� 

��cA�* ��X* +���. 

5 - ��  >�� �4	?	4
@� >��� ��;8 �A�7+B	�  

k��  �-�!,�7�  1��7��;� ��+* <77]  ����

<�� * 	*��P* �� ���e����� ;�� � �8D�] -�0�� PNN 

1� .	�� ��7� =��K �� 18-�]* N�Df  

)15(  �`-- = �!��� & 
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 �- 1AB� ���� �� <�� ����/ 	*��P* �3��7� d�2

 � ��0����3*�`-- �� 1�7�7��;� ��+* ��+P* d�2

�* ���� �� ��0����37\ .+�-  

 V�D*B �--�0�� PNN � � ���D38�1,7!� ���� 

OM� ��� �Y�!*  �-1� JD��* N�?��@*  d��l �- k��D 

 ��7>�* �-�C���	�� �+�. �-�P* �����*���� �Mf� 

 +�� 1�/�\ ���K �-�C��� -�D* 1]8�F* <� �- 1A ���D38�

 ��+Y �-2  ���� �-�!,�7� �-�P* .	�� �+� 1_���

 � ��\+,�D� 1��X  �� �,�?* �����*���� i��� �� �-�C���

�* �+� a�X�� N�]8�F*  +���]35–37[ 	�� �Am =��K .

�+* 1A  -�- ���� i��� � +� ����� �+��� �- ��D,�* ���

1�� ��+P* 1A <73��7* N�]��* ) �F
RMSE ( �� +]�

 -�+2300  �B �� +]� � �+7�� -D
 ��+P* 1,7�A 1� ���0 

<� �� .+��* +��D
 	��I  ��,7�g� ���� 1]8�F* <� �- ��

 ��+P* <�500 .	�� �+� 1�/�\ �o��-  

��+Y 2- �-�P* �-�!,�7� ���� �����*���� ���D38� 1,7!� ���� OM� ��� .�Y�!*  

��*����  -���  *��+P  

-�+]  	7]�Y 178��  )� 50  

<���7� -�+]  ���0   (]N %̂QR 500  

<���7� -�+]  	7]�Y  a%QR 100  

��cA�* �W� �+78D   �%QR 20  

��7,7* �W� �+78D   �% P 0  

j
�� �7E �F
 �-D� �D7�;�+*  n  2  

��+P* 178�� t��@�� ��7]*  V P W QX 5/0  

t��@�� ��7]* ��!�  VY PQX 001/0  

  

1,7!� +,��/ ���Y� 	!Y �-�- �+��� �����  ���

 �:� �- 1� �� �-��� 	�  � V�D*B�7�P   �+,�

�*  �� 10?� V�D*B ���� .-D�80 �-�- +f�-  �-�C��� ��

 � �+�20  �-�C��� -�D* 	�  ���� �+���7K�� 1�D�� +f�-

	�� 1�/�\ ���K .�rV�D*B ��F
 <� �� ��  � ��F


�7� �,7� 1� ��D,� �- t+� k��  �o��-  �� 1A �+� 1�/�\

���D38� �-�!,�7� d��l �� �-�C��� 1,7!� ���� OM� 

��� k��D  �Y�!* t+� �D�c* �� 1?��@* �-�A � ���
�� 

1,7!� 10?� 	�+� �* +B .1� �Do,* 1� 	�- �-��B 

1M�Y+,` �� d��,* ���� B��-�� ��+* 1�7�7��;� 	?�� 

1� �����*���� ��-��� �- �2��g ���
�� �-�!,�7� 

-�+]  ��cA�* 1; ��� ��!,�  �����3  �+� 1�/�\ �o��-

.	��  

 	*��P* �� <�� �:� �- �- �+� ����� +,B�/

 �8D�]*)NSC11 (;�� 	*��P* � )HSC12(  � 1�/�\ a�X��

10?� <��!� e��� �� �� ��+� -�X� ��� ���� �� h��

<77]  ��+* <�� ���\ �- 1�7�7��;�  	*��P* �� ���

 1F���) �8D�]*16<�� � (  1F���) ;�� 	*��P* �� ���17 (

 ����/ 	*��P* +2�� ��+� 1_��� h���� �- .	�� �+� 1_���

 ��0����37\ � ��0����3* d7 �  1� 1�7�7��;� ��+* �

.	��  

)16(  

��,-bc = −24.57029− 1.37891 d(e���� �− 0.37385 ∗ ���+ 19.05308 fe ���  

)17(  ��,gbc = 34.5658 + 0.131236 ∗ ���  
                                                 

11 Normal-Strength Concrete 
12 High-Strength Concrete 
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