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Numerical Investigating of Flow and Discharge 
Coefficient Over the Duckbill and Oblique Weirs 
 
For a given channel width, duckbill and oblique weirs have longer 
effective length, and this could be effective on their discharge 
coefficients and efficiency. In this study, we tried to examine the 
role of some of the hydraulic and geometric parameters of 
mentioned weirs and their height on the discharge coefficient into 
the channel using the Fluent numerical model and the results of this 
model compared with the Flow-3D model and experiments data. 
The pressure, velocity, turbulence, and the free surface of the flow 
were modeled by k-ε RNG and volume of fluid (VOF) algorithms, 
respectively. The NRMSE of the Fluent model in the simulation of 
the discharge coefficient was 0.0565, which indicates the high 
accuracy of the model. Results showed that in both weirs, the 
discharge coefficient decreases with increasing discharge or 
upstream head. The maximum discharge coefficient was found in 
the H/P≤ 0.35 in both weirs. The results indicated the oblique weirs 
had a higher discharge coefficient compared with duckbill weirs 
and thus had higher flow capacity. 
 
Keywords:   Discharge Coefficient, Duckbill Weir, Oblique weir,, 
Turbulence Model, Volume of Fluid.  

S. Emami 

Ph.D. student of Water 
Structures, Department of Water 

Engineering, Faculty of 
Agriculture, Tabriz University, 

Tabriz, Iran. 

e-mail: somayehemami70@gmail.com  

J. Parsa*  

Assistant Professor of Water 
Structures, Department of Water 

Engineering, Faculty of 
Agriculture, Tabriz University, 

Tabriz, Iran.  

e-mail: jparsa@tabrizu.ac.ir 

 

 

   



 ����� ��	
 � ���� ��� �������� ���� ����� �1 ��� �!�" � ��#! 1398 )135-145( 

����� ��	
 � ���� ���  ����   ����� ����� ���1 �� �!�" � ��#! �1398 

  

  

����� ���	*  

���� ���,� �   �-./01, �2!3 ���

4��5" ��601, ������07.  

::�1�� .; ���  

jparsa@tabrizu.ac.ir 
  

  

  

  

  

  

  

1
  

1 - ����  

4���� ���� ��  ��! <7 -� �� 2.�;��-�� ���

��-1 ��1�7 �, =3 >?� �� �7 � ����@ 2!, ���A  ���

2
 ��B �,�C � ,�D
 ����!3  �B, ��4E .-1��A

��-1 ��#! �;D#� F��G�� � ���A  ���� �, ��,�!

HI J
�  �, .�� �-� ��4���� 2K�L MD�" N5�

<5; 4���� <! OD�D
 ���4����  ,- 
 �, P�" �DL 4�"

����@� 2I�
 �, ����
 �� � �7  ��� � ����@ � �,D! � 


                                                 
 * D1��-�� �DR�
  

S���":  �E���,28/01/1398 ��61��! �01/06/1398 X��Y� �10/07/1398.  

 (�� ���, <���� DOI): 10.22091/cer.2019.4259.1144 

K �! 4���� P�"<	C[ �! \��" ��-! � 2!�"�� �7�  

F���� 2
 X4�� ��,  ���� �, 4�" <5; ���4���� .-�7

��-1 �B, �! 2!, ���A  -1�, ,�!��7 ]�!]1[ MD1 F�! �, .

2
 �, � �B, F�� 0�! 2^I^
 4���� ���4����  � -��!

�! ]D�_
 \`� <��� 90 2
 < a�� <@�,  �, .-1D�

2!, � � ]D�_
 ]�! � 5�1 ��� �,�C � 2I�? �
 ���4���

2
 F��G�� .,D� ���, ���4����  b?c
 F�� #! �

4���� MD1 F�! �, � 2.�;��-��  -1�, ��]2[ �D?1��� .

��d� ��4���� -� ���� <7 ��-1 �!  ��! ����@ ���A

��1�7 � ���6!3 ��! ��,]�! �, =3 >?� �� �7 ��  4�1

2
 ��B �,�C � ,�D
 .-1��A  F��!��! � 2K�L e�D[ �,

�, �.I�� <�� 1��
� �, 4���� H�_f ,  �, 2!d�� ���

g!�B e���h" =3 >?� �4���� ��,]�! ���B <iKd
  �

����� ���� 
 ���� ���� ���  �
� �� ���� ��������

���  ������� 
��  

  
�, :� j�� kJ0
 ���4���� lD1 27,� � g��
 ��, �DL �mn
 ��! ��" 2
 <7-���! F� 

<IR�
 2
 -1D" �! N��f 2!, � ��
-1� F� MD1 ��4���� �YA��mo" -��!. p�c	" F� �,�  Xd"

�3 M�C"� � �-� �7q ���4���� 2�-�� � 2.�;��-�� ���� 
��� � 2a�! �c1 �" -�  ��� �! ��

�,-� �-
 � �,�C � �! ��1�7 ga, �, ����@ 2!, N��f ��B 2���! ,�D
 ��rDIE  ,��A  s�� 1 �

 �-
 s�� 1 �! �-
 F� � g[�KFlow-3D  �2��60��
�3 e��dL ,D� <���c
.  � ���� ���0E

 26 C�3 �-
 � �,�C � �! ����@ ,�3 >?�RNG ɛk- ���E -�t �-
 � )VOF ( �,-� gK �!

 ��Y�
 F�61��
 ��
�1 ���_
 .-1-�,�A F��_"e�_!�
 �?a )RMSE (<�5� �, ��rDIE �-
  ����

 ����@ 2!, N��f0565/0 <! ��01 <7 -
3 ��,  �]�! �B, �-��, F�2
 �-
  2���! .-��!

2
 ��01 <I[�K s�� 1 N��f �4���� �, �� �, <7 -�, 2!,  4���� ��,]�! �u�1 ��4E �!

)Hd�( 2
 ���7  �,�-	
 �, 2!, N��f �-c
 �^7-K .-!��35/0≤ )Hd/P ( 4���� �, �� �,

lD1  .-� �-��0
 g��
 � 27,�s�� 1 ,D! �3 � 27�K <7 ���4���� �, g��
 <���c
  �!

lD1 ���4����  27,���, N��f 2!, �� 0�! �,D! )5/0  ���4���� 2!, N��f �!�!

lD1 � (27,� <�� 1 �, � ��E�v 2!,  ��4E) ��D5�33 ��"]�! (�-[�, �5�1 <! ���4���� 

lD1 27,� �,�Da�! 2
 -���!.  

����� ������  : lD1 4���� �2!, N��f 26 C�3 �-
 ����� ��K w4@ �g��
 4���� �27,�.  

����� ���  

���� �� 7, �D�01,   �2/!3 ���

   ��6//01, ������//07 �-.//01,

4��5".  

 ::�1�� .; ���  
somayehemami70@gmail.com 



136  2���! N��f � ����@ �,-� 2!,  ��� �! ����@lD1 ���4����  27,��
 �g�  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

 � ���6!3 �B, ���7 � �d a x��! <7 ��, -�Da

2
 ��,]�! �����6!3 �, ��1�7  2�-�#
 y�	; � .,D�

��
� �, =3 >?� gB-K e���h"  ��! 2!d�� ���

2
 =DI?
 4���� ��,]�! ���B �! .-�  

2#@�-�t ���4����2

1<! �  �mn
 �DL ��4E g�;,

 ��D5� 2!, ��, ���1�7 ��D�, � 2 !�m �DL �, �35/1 

 �"5/4 2
 2;D�_
 ���4���� �!�!  ��K�L � -���!

����  MD1 F� 2K�L ��! �� 0�! g�� �,�3 2!3 ���

 -1�, ��4����]3[. lD1 ���4���� � <I�@ � g��
 � 27,

4����-�t ���2
 2#@�  2K�L <! <@D" �! � -���! �,��

� 0�! �mn
 �DL �,D! �, �  ��D�_
 ���4���� <! �5�1

 ��1�7 ��! �D�_
 ���4���� �! <���c
 �, �� 0�! 2!,

 j�� �! M�C"� �2
 �D5� ,Da � � <!�0
 g.�) -��,1.(  

lD1 ���4���� �]�! ��I!�B  �, g��
 � 27,�

 �����@ 2�,D� �]�! 2���7 F��G�� � � 0�! �mn
 �DL

��4
 � ��7 2!3 �����! �, ��4���� F�  2I[ ���

2
 ��4���� F� � �,�C �  .-��!  

O�1 ����
  ����4E2CFD3 ���!  ���� 2���!

cc	
 F�! �, e]��� ����@�F� ���� ��6��@ <! �  ,Da

�,, z�{ a -1<��4� ����3 �,�C � . �#
 � �7  � �"

<���  �]�! ����CFD  g�], � S��� <! �-��� �,

2
 2c�c	" X�� F� <! ���A X�� .-��!  �, �,-� ���

��4
 ��, 2��60��
�3 e�_;�?
 �! <���c
  ���

g!�B 2
 2#@D" X�� � �,�C � �! .-���! �,-� ���� 

 � 2_��� �,�-	
 �, ����@ e�{J0
 2���! ��.


 O��1 ��-! 2�-�� � 2.�;��-�� ���� 
���

���
�3 <��4� �! 2���  ��! � �7 ��
� �, � ]�! ���

2
 ���E F�cc	
 ,D� .  

<! ��! �,��� F�cc	
 ���a ���;�� �DL �,  ��,

-�t ���4���� 2!, N��f �,��3 � �,D�1 Xd" 2#@�

��� �!���,, <r� � �, .-1 �m 2��60��
�3 2���! ,�_! 

                                                 
2

1- Labyrinth Weir 
3

2- Computational fluid dynamics 

2�-�� 4���� <5; 4�" lD1 27,�  �!��� N��f  2!,

�! ����@ ����h 
�  �4���� M�C"� �! 4���� ��D�, <���

 ���1�7 b?c
 �D	
�2!, � 4���� �]�! g7 �u�1  ��01

 ,,�, F� ��4���� �! ��4E �u�1 g7 �]�! 4���� � �, 

<�� 1 ��4E �2!, N��f 2!, ���7 �� 0�! �5�1 <! 

4���� 2I�? �
 �,�� �, ,]5[ .  

lD1 4���� ��� �! ����@ �D6; 2���!  27,�

 �,-� �-
 ��D"Flow-3D <! � <� e�D[  ��01 �-_!

 <7 ,, �2f��� �-
 � P�J � � 2��60��
�3 ��,�c


2
 2!Da � 5�1 26 �5�� ��, -���! ]6[ .<�5�  ����

<� �-_!  ���4���� 2!, N��f �! �mn
 ���� 
���

���c�
 O�1 � �,�C � �! ��rDIE �4E4

3  <7 ,D! �3 � 27�K

<��� �! ���c�
 ���4���� <�I7 �,  �HI J
 \`� ���

 ��4E �! 2!, N��fH/P  <! 2.�;��-�� ��! �5�1)

<! |}� � < E�� ��4E (4���� M�C"�  ga-" g�;,

<h�" ��2
 ���7 2!, N��f �2�4�� � -!�� ]7[ .��cc	
 

 ��� �,2016 2.�;��-�� e��[D{a 2���! <! O-B �

 �,�C � �! 2^I^
 2cE b?c
 �! 2���4���� ��� �! ����@

O�1 �  �4EFlow-3D  s�� 1 �! � g[�K s�� 1 � �,D�1

 2?a 4����-�,�A <iKd
 .-1,�7 <���c
  ��4E �! <7

 � 4���� \`� <���30  �" <@�,180  �I� <! �<@�,

<h�" �! ��D5� ����@ ga-" ���7  �251�@ 2�4�� ���

<!,�A � e���0 ~  2A-
3�! � � �-� � �7 ����@ ���

 �, ����@ 2f�� �d a � 2;DL ����1 �, ����@ >?�

2
 < ��7 2f�� ����1 ,D� ]8[.  <��� � <~�
, �DL

D�, �, ����@ 2!, N��f �! ����@ ,- 
 �! 4���� ��

��6�7 ���4���� <c1��q � � <!  X��CFD  �3 � 27�K

 �� ����@ ,- 
 �, 4���� <��� �4�
 ��4E �! <7

)α �(2
 ��4E 2!, N��f -!�� ]9[ .26��"5

4  ��� �,

2011 ����
�3 <��� �! g��
 ���4���� ��� �! 2���  ���

10 �15� 25 �45 �60  �90  <� ��! � <@�, M�C"�4 �8 

                                                 
3

3- Fluent  
5

4- Tingey  



����� � 2
�
  137  
  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

 �12 ,, O��1 ���  �u�1 M�C"� �! 2!, N��f <?!� �

<! � 4���� ��,]�! g7 [,�7 ���! �,D�1 e�D s�� 1 .

 <��� �! g��
 ���4���� �, ,, ��0145 :tD7� <@�,  �"

�3 ��  �4���� ��,]�! �u�1 M�C"� �-c
 ��4E �!

 N��f2
 ���7 2!, -!�� ]10[ .��cc	
  ��� �,2005 �

� 2!, N��f��#t �, � g��
 ���4���� ��!   M�C"�20 �

25 �30  �35 2 1�� � 
 <!  s�� 1 <7 -1,��3 ��,

��01  �5�1 ��4E �! 2!, N��f ���7 �-��,H/P 

2
  � 0�! M�C"� �! ���4���� ��! 2!, N��f � -��!


 �, � ��"]�! �-c�� �,D! ]11[.  

   
 g.�1 - lD1 � g��
 ���4���� ����1 �d� �, 27,� ]4[ 

 ��� �,2015 2��f� ���.�� � � <_;�?
 <!

��6�7 ���4���� 2!, N��f 2��60��
�3  2I�? �
 �

 .-� a,������� F� �,�  2!, N��f � ����@ 2!, <?!�

��6�7 4����  �,�_! g�I	" � �,�C � �! 2I�? �
 �

N��f F��_" ��! � P�J � <?!� �!�m ���  �-
 � ��

<?!� ,, ��01 s�� 1 .-� �,�C � 2.�4�E  �^7 � <7 �

p�B, s�� 1 �-� �,�C � �mn
 ���� 
��� ��� ��"  2��!

2
 B 2K�L ��! � -�7�� ,�#�0�� g!� ]12[. 

��60����  ��� �,2012 2"�0��
�3 � �! 4���� ���

��6�7 <c1��q � 
 ����7 <��� �! � .-1,, O��1 HI J

�s�� 1 \���!  �! - ! �, 4���� j�� -K� 2!, N��f

2
 ,Da �^7-K �-c
 <! =3 M�C"� ��4E  |}� � -��

2
 ���7 ���� <! -!�� ]13[ .|�136

5 � 2!, N��f

��6�7 ���4���� :" � <c1��q �d� �! <I.��  F��_" � �

 ��-� F� <! g�1 ��! .-1,D�115  ���
�3 ,�D
 �-


 \`� <��� � �,�C � ,, ��01 s�� 1 .�E�A ��B20 

<��� F�! �, <@�, <! \`� ���  ���4���� �, < E� ��7

2
 �, � 26 �5�� N��f F�� #! -��! ]14[��! . 2�

                                                 
6

5- Anis 

lD1 ���4���� ��� �-� O��1 e�c�c	"  g��
 � 27,�

2
 ��01  ,�_! � ��,]�! ����@ ���� �D�7�" <7 -�,

<! � 0�! 4����  ,�D
 2��60��
�3 e�D[ < E�A ��B <@D"

��13 � .�� <IR�
 2A-�G�� ��4���� MD1 F� <�-�� <7

 Y; ���, -�Da ��51, <! 2I�� � ��DR" -[�c
 ��! �

��� �! ����@ :�;��-�� 2���!  4r�K ��4���� F�

.�� ����  ��Di�
 F��� <! ��f�K ����� � �-�

 ���4���� �, ����@ 2.�;��-�� ���� �,-� 2���!

lD1 <_;�?
 F� �, .�� g��
 � 27,��  ���� 
��� O��"

 g
�� ��D7Y
 ���4���� 2!, N��f ��� �! �YA��mo"

4���� ��,]�! �u�1 � 4���� ��� 2!3 ��! � 4���� M�C"�

�;�K �, � <���c
 2��60��
�3 �-
 �!  HI J
 ���

.-� 2���!  

2- ��� � ���� ��  

�,, � ��f�K ����� �,  ���21  4���� �-


lD1 27,�  e�D[ 2��60��
�3 <_;�?
 p5L �! g��
 �

 ��D" < E�A:�1 :�� � ����.� ]5[ �-� �,�C � �

�-
 F� .�� �, �� 7 < �, ���A �-� �-�! -1.  F� �,

�-
 - ! ������ O�1 ��D" �� ��� �4E  �-1�,��



138  2���! N��f � ����@ �,-� 2!,  ��� �! ����@lD1 ���4����  27,��
 �g�  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

��5�A7

6 O�1 F� .-1-�,�A ����" �4E� s�� O�1 F��"  �4E

 �, ����@ <.5� -�;D"CFD 2
  .-��!<.5� ��!  �-�!

���; � 2"�5��	
 ���!  2_!�
 ���QUAD-MAP 

2
 <�[D" <.�� <! <@D" �! .-�,�A �,�C �  2KD1 �, ,D�

]�! ���,�A �! ���; <! ��"4�� �-�!  F��!��! �,D� �,�! ��7

<.5� � 4���� g	
 �, :tD7 �-�! �" -�,�A �,�C � .

<.5� F �, �dc � ��!  � ���� �7 O-� ��mo" ��-1 

�DI� �� s�� 1 �! g[�K � gK  ��,-�" ��!�-
 2
��  ��

<.5� � 25��c" ,-_" �! ���.� ��� 19906  ���;

-� �,�C � 2"�5��	
. <.5� ��L  4���� <1D�1 :� �-�!

lD1  g.� �, 27,�2.�� �-� �,��3 �  

��0E ���
 ��� � 4���� �,-� �-
 �,��� �, 

 >?�) �,���a( -� �,�C � ���
 ��� � �,�C � �, .

�,��� ����7
8� <! ��1�7 <! �,��� 2!,  2B�! �!�m e�D[

2
 <! �
 �-1�
  :� -�1��� ���
 ��� F� <.�� g�;,

2
 g�� <1���  >?� ��	1 �,��� ����@ �- ! �, �-�7

<! =3 2
 ,D@�  �! =3 >?� g�E��� �! ,Da F� <7 ,��3

2
 �YA��mo" 4���� ��� -��!. <!  ��� � g�;, F���

���
 �,��� ��0E9

8 ! <.�� ,D@� �! ���1�7 <! ����@ ��

<! ���h" 2�7 �,��� 2!, �, 2
 ,D@�  .-�,�A �,�C � �-�3

 ����@ �,��� p�� �,D! kJ0
 �! �,��� ��0E

<!  F��G��) -� H��_" :�"� ���-�� e�D[ �7q g!�B

 ,�D
 ��0E � ���� �,��� ���
 ��� �, �� ��

 <7 �E�A ��B ���
�3�,��� ��0E ���
 ��� �! N�K

2E�_
 ���
 ���� F�� #! �B, .(-� =�J 1 �  ��0E

 >?�) ��1�7 ,�3 >?� ��! D� 2@��ab( �3 �-c
 <7 �

2
 �C[ 4�1  >?� ��! �C[ 2@��a ��0E �-��!c � ���

 ��D�, ���
)Wall ( >?� ��!d  ���� ���
 ��� �

 >?�) 4���� <! 2�,D� �#@ �,���e -� �,�C � (

 g.�)3.(  

                                                 
6- Gambit  
8

7- Velocity Inlet 
9

8- Pressure Inlet 

 �, �! ��1�7 :� �, =3 ����@ ���� ������ F�

 4���� ��,]�! �DL6 F���� ��1�7 �DL � � 
  ��,

lD1 ���4����  g��
 � 27,�6  j�� �� 
50  M�C"� �

50 2 1�� <! � 
  .�� �-� 2���! �,-� e�D[����@ 

�! ��� 4���� lD1 �! g��
 � 27,� �,�C � � �-
 ��� 

 � ��rDIEFlow-3D K �,<� �;�  �-_!<! X�� ��K 

,�-	
10

9 <�5� -� ���� .<�5� ���� ����@ �, ���4���� 

lD1 27,� �� gK �! g��
 �  � 26 �D�� e],�_
 ��
�

�! � �
D
 �,�C � � 26 C�3 �-
 11

10k-ɛ RNG �

X�� ��� 2���! ����@ ���E-�t ���� ��K X��)12

11( �

X�� ,�-	
 ��K �,-� gK< ��A X�� �  ����

�#@  �O�, <5"�
 -�
�, ����@ g�I	" ��!  � ��D�, ���7

 ��D�, b!�" � ���c 
�1 ��D�, b!�" �-
 ,�-1� �� 

� ��D6; gK �� ��
�  ��0E � ����)PISO (1��.-� O  

<;,�_
 �7�K �! lD1 ���4���� ����@  � 27,�

e],�_
 �g��
 26 �D�� � OD �
D
 ����1- |7D � 

2
 -���! .,�_
<; 26 �D�� �-;D��� <! e�D[ ��� 2
 :-��!  

)1(  ( ) 0j j
i

u u
t x

ρ ρ ρ∂ ∂ ′ ′+ = + =
∂ ∂

 

 �<;,�_
 F� �,u  ����� <C;n
ρ  � 2;�6t�́�  ��"

2
 ��-;D���  .-��!  

�-
 �#@  26 C�3 �-
 <� �26 C�3 ����k-ɛ 

 �;�KRNG �Realizable  �Standard  �,�C � ,�D


26 C�3 �-
 ���#1 �, <7 �E�A ��B k-ɛ  �;�KRNG 

�! ) � �7 ��?a -[�,7/6p�B, s�� 1 <r� � (%  �#@ �"

�-
  �-
 F� �, �7�K e],�_
 .-� =�J 1 ����

<! ) e],�_
 e�D[2) � (3 (2
 ���!  ,D�]15[. F� �,

 �e],�_
��  ��! g 1�� X�0 ~ ,-� |.�k� ��		 

<!,�A < ��D.���  ��mn
 �Gb  �Gk e��5�  <�0t � -1

 <;,�_
ɛ  �k <! <7  ���� ���,�A � ������ �m N�"�"

                                                 
9- Finite volume method 
10- Re-normalization group model 
11- Volume of fluid (VOF) 



����� � 2
�
  139  
  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

2
 ���� <;,�_
 �, � F�61��
  �-��7ρ 2;�6t �ui  <C;n


 �#@ �, ����xi� ε  ��u�1 ld# � ��1C1ε �C2ε  �

C3ε  ��!�m ��,�c
Sε  ���1 e�D[ �, <7 �� 2E�f O�"

2
 H��_" �!��7 ��D"  �,D�Cμ :� �-c
 �!�m ��-! 

-_!  �! �!�!09/0 �η ��1 �1�7 � ��D 
 β  �!�m N��f

 �! �!�!012/0 2
 .-���!  

)2(  

2

1 3 2

( ) ( )

( )

( )

i
i

k eff
j j

k b

u
t x

x x

C G C G C S
k kε ε ε ε

ρε ρε

εα µ

ε ερ

∂ ∂+ =
∂ ∂

∂ ∂ +
∂ ∂

+ − +

 

)3(  
3

2
0

3

(1 )

1

C

R
k

µ

ε

ηρη
η ε

βη

−
=

+
 

2 -1- ���� � !��"#  

:� <;,�_
  j�E �! 4���� ��� �! ����@ �-_!

<5; 4���� :� ��� � 2!�"�� � ,�3 ����@  �,�� 4�"

<!  e�D[) <?!�4 (H��_" 2
  ,D�]7[:   

)4(  
3

2
2

2
3 d e dQ gC L H=  

 �<?!� F� �,Q     ���D/5� ��/��@ 2/!,Cd    2/!, N��/f

 �����@g  �gcm =� �Hd  � 4���� <5; ��,]�! g7 �u�1

Le 2
 4���� �mn
 �DL   .-��!  

  
 g.�2 - <.5� �-�! 4���� O�1 �, ��5�A �4E  

  
g.� 3 - ��D{" :�"��� � ���� ���
 H��_" �-� ��!  �, ���-
 (g��
 � 27,� lD1 4����)  

lD1 4���� �, ����@ b!�" �! g��
 � 27,� \��

 ����@ 2.�
���, � 2.�"����� �2�-�� e��[D{a

<!  <;,�_
 e�D[)5( <!  -
3 ��,]11[:    

)5(  
( , , , ,Re, , , ) 0

( , , , , , , , , , , )

d d d

e

d d e

H H H y
f Fr We

P L W P

C f H L P W y V g

α

α µ σ ρ

=

=
 

! g.� <! <@D" �3 <?!� � )5(� f  :� �61����1

b!�"�y   �=3 p��α  �4���� <���V  �, ����@ ����

 �4���� ��,]�!μ  ����� 2.�
���, �@�4;σ  �07

 �2	?�
 ����� -K� O�@ Re  ��-;D��� ,-�We  ,-�

 � �!�Fr 2
 ����@ ,��E ,-�  ��f�K ����� �, .-��!

 �Ld 
 ��1�7 4���� �, ����@ 4�t�1 ���
 <�] ��mo" �

 F��G�� � �,D! ��� =3 M�C"� gB-K <.�� <! <@D" �!



140  2���! N��f � ����@ �,-� 2!,  ��� �! ����@lD1 ���4����  27,��
 �g�  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

 �,�_
 4����3  �� 1�� �2
 ��� �-� �Di�
  � �D"

-� , � �-;D�����[ �!� .,D�1 �i1  �F��G�� <! <@D" �!

 �-c
 ��mo" F E�A �i1 �,Hd <!  ��� =3 M�C"� �D��

 �-c
 � �4����y ��[ (=3 g7 M�C"�)  ��mo" � �-� �i1

 � 
���
�

�
 2
 �YK  �-�,�1 �! .,,�A �7q ���� 
��� F E�A

<?!� ��-�  <;,�_
 O�E <! ����@ 2!, N��f)6( <r� �

2
  :,D�  

)6(  ( , , , ) 0d d d

e

H H H
f

P L W
α =  

 ��-@ �,1  �2 2�-�� e�{J0
 � ���4����

lD1 .�� �-� �,��3 g��
 � 27,�  g.� �,4  (P �" H;)

 �4�1lD1 ���4���� � 2���1 <! g��
 � 27,� ��� �

13 �,�C � ,�D
 2�-�� e�{J0
 �-� �,, ��01 �#

.��  

 ��-@1- lD1 ���4���� 2�-�� e�{J0
 27,�  

H�,�  <��� (α) L (mm)  Le (mm)  Q (m3/s)  

1  45  35/134  7/328  52-6/7  

2  60  190  440  63-6/7  

3  75  367  794  3/62-2/12  

 ��-@2- g��
 ���4���� 2�-�� e�{J0
  

H�,�  <��� (α) L (mm) Le (mm)  Q (m3/s)  

1  15  76/227  76/257  2/61-9/7  

2  30  254  284  58-4/7  

3  45  13/311  13/341  64-2/11  

  

 
)(H;   

 
)(=  

 
) (P 

 g.�4 -  ��4���� � 2���1)lD1 4���� (H; 27,�) �g��
 4���� (= ) �2.�;��-�� e�{J0
 (P  

3 - %&�'( )"  �  

3 -1- *"+ *,-��. /�� �0,�  

�	[ �#@ O�1 ,�.I�� 2���  �-
 ���rDIE �4E

�� 2I�? �
 4����  M�C"� �! ��1�7 j��3/0  �, � 


 j�� <! 2;�1�75/0 <�5� � 2K�L � 
  .-�,�A ����



����� � 2
�
  141  
  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

<! �i1 ,�D
 4�" <5; 4���� 2!, ��  ,�D
 HI J
 ���

 ,�.I�� � �����L �D{K � -_! .�E�A ��B <_;�?


O�1 X�� � �4E <! ��� O�1 �, �-� < E�A ��7 ��rDIE �4E� 

lD1 ���4���� �-
 2K�L <!  < a,�� g��
 � 27,�

.-�   

g.�  5 2!, N��f e���h" �)Cd(  �!�! �,Hd/P �

M�C"� ��!  ���15 �20  �25 2 1�� �-
 �, � � 
  ����

2
 ��01 �,-� �,�-.  g.� <! <@D" �!5 �-��0
 �

2
  �5�1 ��4E �! ,D�Hd/P ���7 2!, N��f �

2
 �
 F� g�;, .-!���  <~�
, �, ����@ ga-" ���7

2
 ��4����  �,D�1 F� .-��! F�! 2!Da p!�?" �61��!

<�5� � g[�K s�� 1  �! �,-� ���� �-
 � ��rDIE

2
 2.�4�E e�0��
�3 ��rDIE �-
 25�1 ��?a .-��! � �,

<�5�  2!, N��f � 
��� ����)Cd�(  F�!03/0  �"083/0 

)3-3/8 2
 (-[�,  .-��!13 ��� ����@ p�� �d a <7

����@ �, ���� ��K X�� �, ��� ��� 21�	! <! �5�1

2
 �!�m 2.�4�E �-
  �-
 2!���� ���5
 � -��! ���rDIE

��� 2��60��
�3 �-
  �-
 �, p�� �-c
 ���7 �! Y;

 ��rDIE �-
 �, ����@ p�� ,��3�! ��?a �2��60��
�3

2
 � 0�!  ���,D�1 �, <7 <1D61��� F��!��! .,D� 4�1

2
 �-��0
 ,D� <�5� 2!, N��f �  �-
 ��D" �-� ����

��rDIE 2
��" ��! �Hd/P ���0�! �, 2!, N��f � � 

.�� 2.�4�E �-
  

  
g.� 5 - <���c
 e���h" N��f 2!, <! �� Hd/P HI J
 ����,, F�! ���  � 2��60��
�3��rDIE �-
  

 �!�! �, 2!, N��f e���h"Hd/Le  �Hd/W  ��!

<��� lD1 4���� HI J
 ���  g��
 � 27,� � �,�C � �!

��rDIE �-
g.� �, �  ���6  �7 .�� �-� <r�  <@D" �!

2
 kJ0
 ���,D�1 <! <! <7 ,D� �5�1 ��4E ��  ���

Hd/P �Hd/W  �Hd/Le2
 ���7 2!, N��f �  .-!��

����  <~�
, �, ����@ ga-" ���7 �-� < CA <7 �DL

lD1 ���4���� 2
 �
 F� N5� �g��
 � 27,�  .,D� 

��  ��.� ����,D�1 <! <@D" �! F��t6  �7 �

2
 lD1 4���� <7 �E�A <�� 1 �D" ! 27,� <��� �75 

0�! �,D! �, �! <@�,�
, �, ����@ ga-" F��  �,Da <~

lD1 4���� � F�� �7 ��,  <��� �! 27,�45  <@�,

0�! ��, F�! �, ����@ 2!, N��f �-c
 F�� 

2
 2���! ,�D
 ���4����  ���4���� ,�D
 �, .-��!

 ��4E 2!, N��f ���4���� F� <��� ���7 �! �g��


:�,41 ,�-1� � 4���� 2!, N��f <! � < E�� 2
 �" .,D�  



142  2���! N��f � ����@ �,-� 2!,  ��� �! ����@lD1 ���4����  27,��
 �g�  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

  
 g.�6- <! 2!, N��f e���h" <���c
 �� Hd/Le�,, F�! HI J
 ��� ��rDIE �-
 � 2��60��
�3 ���  

  
 g.�7 - <! 2!, N��f e���h" <���c
 �� Hd/W�,, F�! HI J
 ��� ��rDIE �-
 � 2��60��
�3 ���  

1��� g.� �, <7 <1D67 2
 �-��0
  N��f �,D�

 �5�1 ��4E �! 2!,Hd/W <! <��� ��  HI J
 ���

 N��) 20��7 -1�� ��, �g��
 � 27,� lD1 ���4����

2
 (20��7 �� <! <@D" �! .-��!�-
 <�I7 �, <.  ,�D
 ���

) �!�m ��1�7 j�� �2���!25/0 -� < E�A �i1 �, (� 
 �

���#
 F��!��! � mo" � 
��� F��" 20��7 -1�� �, �YA��

2
 ��4���� ��,]�! g7 �u�1 � 
��� �2!, N��f  .-��!

 <��� �! g��
 ���4���� �,45 :tD7 � <@�,  �! �3 � �"

 2!, N��f �4���� ��,]�! �u�1 M�C"� �-c
 ��4E

2
 ���7  .-!��g.� <! <@D" �!  g7 �u�1 <t�� �]�! ���

 4���� ��,]�! �-!�� ��4E0�! N�� �! 2!, N��f �� 

2
 ���7  .-!�� 



����� � 2
�
  143  
  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

3 -2-  /�� � *,-��. /�� %&�'( 1&���Flow-3D  ��

�23  ���4&�5� ��� 5  ��&5	 6�7����� �8��

9�( !&�� � �����  

 � ��rDIE �-
 �, ,�.I�� � 2���7 2���! �#@

Flow-3D <�5� �,  �! ����@ :�;��-�� �,-� ����

lD1 ���4���� ���  ��-@ �, �g��
 � 27,�3 <0�� �

�-� ��
�1 ��?a F�61��
13

12 �-
  �D7Y
 �,-� ���

<! <��� �� �-
 � ��  �, �� ��! HI J
 26 C�3 ���

 .�� �-� <r� �f�K p�c	" �, <_;�?
 ,�D
 4����

<! s�� 1 <�5� � �-
3 ��, ���<!) ��rDIE �-
 �  e�D[

<�  �-
 �! <���c
 �, (�-_!Flow-3D �d a �

 ,-1 ��01 �(2.�4�E �-
) 2��60��
�3 s�� 1 �! 2�D�	


 ��rDIE �,-� �-
 � g[�K s�� 1 F�! 25���
 p!�?" �

���
�3 � .-� �-��0
 2.�4�E ���   

 ,�D
 �, 2cmD
 e�_;�?
 �D�7�" <.13 <! <@D" �!

�-
 � �,-� ���� ���4���� �, ����@ :�;��-�

lD1  � g[�K s�� 1 Y; ��� < E�61 e�D[ g��
 � 27,�

<! s�� 1 �! �f�K �����  e�_;�?
 � �-
3 ��,

 b@�
 2��60��
�3]5[ �]10[ �]11[  �]16[ <7 �

 � g��
 ���4���� 2!, N��f ��� �! 2"�_;�?


lD1 27,�  O��1 s�� 1 .�E�A ��B <���c
 ,�D
 �-1,,

 <7 ,D! �3 � 27�K ����.�� � 2_B�! <_;�?
 �,

<��� �! ���4���� 45 :tD7 � <@�,  ��4E �! ��3 � �"

 �5�1H/P N��f � �-c
 <! � < E�� ���7 2!,6/0 

2
  -��]16[.  �����It � ��D1 F��G�� 2!, N��f

 M�C"� ��#t �, � g��
 ���4����20 �25 �30  �35  �,

 �,�-	
9/0-5/0  -1,�7 X�4A]11[ . 

<���c
 s�� 1  ���4���� 2���7 e��C" �,, ��01 ��

lD1 �5�1 �, g��
 � 27,� e��C 
 ��� H/P � �,D! 4�t�1

2�_
 -1�� � �,�-	
 �, .,�-1 ��, 4/0<H/P<2/0 

                                                 
13

12-Normalized Root Mean Square Error 

lD1 4���� �,�-	
 �, � 27,� 5/0H/P<  g��
 4����

 .�� �"�!  

���
�3 s�� 1 ��cc	
 ���  �, ,, ��01 4�1

:tD7 <��� �! g��
 ���4����  � �"45  ��4E �! <@�,

 ���7 2!, N��f �4���� ��,]�! �u�1 M�C"� �-c


 �� < E��, � �,�-	
 �85/0-25/0 2
 ��B  ,��A]10[ .

��  F��t:�1 �7 ����.�� � :�� F��  2!, N��f �-c


<! � �! N�"�"lD1 ���4���� � ,�-K �, 27,� 3/0  �

 �! g��
 ���4���� ��! <���45  �<@�,54/0 <!  ��,

-1,��3 ]5[.  ����� � <I[�K s�� 1 �! <_;�?
 �, �� s�� 1

�� �f�K .,�, 21Da 

4- 0�'( �5��  

 :�;��-�� 2���! �2I[ �-� �p�c	" F� �,

lD1 ���4���� ��� �! ����@  � �,�C � �! g��
 � 27,�

 �,-� �-
 ��rDIE �! <I[�K s�� 1 <���c
 ���#1 �, �

O�1  �4EFlow-3D  �,-� 2���! �#@ .,D! X�� �

RNG k-ɛ <�5� ��!  ��K �-
 � ����@ 26 C�3 ����

<�5� ��! ���� -�t ����@ ���� .-� �,�C � ���E

2
 � �f�K p�c	" s�� 1 <! �D" e�D[ ���  :,D�1 <r� 

1- ��rDIE �-
 �2.�4�E �-
 � g[�K s�� 1 <���c
 

 �-
 �Flow-3D N���
 ��"�! � p!�?" �61��! �

<�5� �, ��rDIE �-
  2!, N��f �,-� ����

2
 F��!��! .,D! s�� 1 F�!  <! � ��rDIE �-
 �D"

�7 ��
� � <��4� g�;,  �, �@ �]�! ���� � �"

 �-
 �! <���c
Flow-3D 25���
 F�46��@ �

 2E�_
 (2��60��
�3 e�_;�?
) 2.�4�E �-
 ��!

.,D�1  

2-  �-
 25�1 ��?a<�5� �, ��rDIE  N��f ����

 �-
 �! <���c
 �, 2!,Flow-3D  F�!3 �" %

3/82
 %  .-��! 

3-  <7 2_BD
 �, g��
 ���4���� �, 2!, N��f

 4���� � � 0�! �-��! �7 4���� ��� =3 M�C"�



144  2���! N��f � ����@ �,-� 2!,  ��� �! ����@lD1 ���4����  27,��
 �g�  

 

����� ��	
 � ���� ��� ����   ����� ����� ���1 �� �!�" � ��#! �1398 

lD1 7,�<!) 2  <~�
, �, ����@ ga-" g�;,

2
 (4����  ��� 2!3 ��! ��4E �! F��G�� .-��!

 �� �7 20��7 -1�� �3 2!, N��f �4���� F�

lD1 4���� �! <���c
 �, 2
 27,�  .-!��  

 ��-@3- NRMSE  � ��rDIE �-
Flow-3D �;�K �, HI J
 ���  

 F�61��
 ��
�1 ���_


�?a e�_!�
 ��Y�
  

)NRMSE(  

���� 
��� 2! -_! <��� (α) <! �-
 < E� ��7 

Hd/W Hd/Le Hd/P g��
 4���� 27,� lD1 4����  
Fluent 

Flow-
3D 

0314/0 045/0 1-18/0 8/0-03/0 53/1-16/0 45-15 75-45 3D, k-ɛ, RNG, 
VOF, PISO 

0195/0 0243/0 1-18/0 8/0-03/0 53/1-16/0 45-15 75-45 3D, k-ɛ, RNG, 
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